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Abstract—Nonparametric statistical methods developed for
analyzing data for high numbers of genes, SNPs, or other
biological features tend to overfit data with smaller numbers
of features such as proteins, metabolites, or, when expression
is measured with conventional instruments, genes. For this
medium-scale inference problem, the minimum description length
(MDL) framework quantifies the amount of information in
the data supporting a null or alternative hypothesis for each
feature in terms of parametric model selection. Two new MDL
techniques are proposed. First, using test statistics that are
highly informative about the parameter of interest, the data are
reduced to a single statistic per feature. This simplifying step
is already implicit in conventional hypothesis testing and has
been found effective in empirical Bayes applications to genomics
data. Second, the codelength difference between the alternative
and null hypotheses of any given feature can take advantage
of information in the measurements from all other features by
using those measurements to find the overall code of minimum
length summed over those features. The techniques are applied
to protein abundance data, demonstrating that a computationally
efficient approximation that is close for a sufficiently large
number of features works well even when the number of features
is as low as 20. More generally, the MDL-based information for
discrimination does not suffer from the asymmetry of the p-value
as a measure of evidence for one hypothesis over another.
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I. INTRODUCTION

In high-dimensional biology, there are one or more measure-
ments for each of thousands or even hundreds of thousands of
biological features such as genes, locations in the brain, and,
in genome-wide association studies, single-nucleotide polymor-
phisms (SNPs). For the interpretation of such data, statistical
methods of large-scale inference have enjoyed a phase of rapid
development over the last decade.

In particular, recent empirical Bayes methodology tests a null
hypothesis for each of N features by making use of information
in the measurements of the other features. For measurement
vectors x1, . . . , xN modeled as realizations of the random vari-
ables X1, . . . , XN and for test statistics T (X1) , . . . , T (XN )
corresponding to null hypotheses θ1 = θ0, . . . , θN = θ0, under
which each of the test statistics has a common probability
density function gθ0 , the local false discovery rate (LFDR) for
the ith feature is the posterior probability

LFDR (xi) = P (θi = θ0|T (xi))

=
P (θi = θ0) gθ0 (T (xi))

g (T (xi))
, (1)

where π0 = P (θi = θ0) is the proportion of null hypotheses
that are true and where

g = π0gθ0 + (1− π0) galt. (2)

is a mixture density with galt. as the probability density function
of the test statistic marginal over all alternative features, those
for which the null hypothesis θi = θ0 is false. As π0 and g are
unknown, they are estimated by π̂0 and ĝ according to empirical
Bayes methodology to obtain L̂FDR (xi), the estimated LFDR.
Commonly used methods of estimating π0 and g involve the
nonparametric estimation of galt. [e.g., 1, 2]. The empirical
success of such methods [3, 4] is largely due to the reliability
of nonparametric density estimation in the presence of several
thousands of features.

Such dependence on nonparametric estimation makes the
methods of large-scale inference less applicable to problems
involving more moderate dimensions. Like high-dimensional
biology, medium-dimensional biology involves measurements
over multiple features but on a scale of tens to hundreds of
genes, proteins, metabolites, or other features rather than thou-
sands of features. Thus, special statistical methods are needed
when the number of features is too large for the mere iteration of
conventional hypothesis testing and yet too small for the reliable
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use of methods developed for extremely large numbers of
features. The situation parallels one in classical mechanics: there
are exact equations of motion for both sufficiently small and
sufficiently large numbers of bodies, but special approximations
are needed for medium numbers of bodies. Information theory
may play an important role in solving medium-scale inference
problems.

Section II addresses technical aspects of eliminating a nui-
sance parameter by reducing the data of each feature to a
statistic of smaller dimension. Following [5, pp. 4-7], Section
III presents the log-likelihood ratio

∆i (T (xi)) = log
(
gθ0 (T (xi))
gθi

(T (xi))

)
as the information in T (xi) for discrimination favoring the
hypothesis that θ = θ0 over the hypothesis that θ = θ1 for
some θi 6= θ0. Since θi is unknown, Section III replaces it with
a parameter value chosen to minimize the codelength of the
data according to the minimum description length (MDL) inter-
pretation of Shannon-Fano coding theory, in which the length
of a codeword is the number of independently selected binary
digits of equal probability that achieve the joint probability of
that codeword [6]. (See [6, 7, 8] for introductions to the MDL
principle of model selection.) The availability of measurements
pertaining to features other than the inference target enables
the construction of a universal codelength function and a
close approximation that is more computationally convenient.
The theory is then illustrated in Section IV with a medium-
dimensional biological data set. Section V concludes the paper
with a discussion of the general applicability of the methods
proposed.

II. DATA REDUCTION AND LIKELIHOOD

The observed data vector x ∈ X is considered a realization
of the random variable X of probability distribution Pθ,λ that
admits a probability density function fθ,λ with respect to some
dominating measure, where θ ∈ Θ is the parameter of interest
and λ ∈ Λ is the nuisance parameter. In the case of discrete
X , the density function is defined with respect to the counting
measure on X . For some known θ0 ∈ Θ, we have θ = θ0

under the null hypothesis or narrow model and θ 6= θ0 under
the alternative hypothesis or wide model.

The following two types of likelihood correspond to differ-
ent ways of reducing a vector x to a scalar statistic and of
eliminating the nuisance parameter. Which of the two meth-
ods is appropriate depends on the original parametric family
{fθ,λ : θ ∈ Θ, λ ∈ Λ} and on which parameter is of interest.

A. Conditional likelihood

Consider the functions S and T such that S (X) and T (X)
are statistics that together contain all the information in X .
If S (X) does not depend on θ and if the probability density
function gθ = fθ (•|S (X) = S (x)) of the data conditional on
S (x), the realized value of that statistic, does not depend on λ,
then the function ` defined by

` (θ) = gθ (T (x)) = fθ (T (x) |S (X) = S (x))

is called the conditional likelihood function given S (x). In
analogy with equation (3), [9, §8.2.1] has

fθ,λ (x) = fθ,λ (S (x) , T (x))
= gθ (T (x)) fθ,λ (S (x)) ,

where fθ,λ can denote the probably density function of X ,
〈S (X) , T (X)〉, or S (X), depending on the context.

Example 1. [9, Example 8.47]. Suppose X1 is binomial
〈n1, π1〉, that X2 is binomial 〈n2, π2〉, and that X1 is inde-
pendent of X2. The parameter of interest is

θ = log
π1

1− π1
− λ,

where λ is the nuisance parameter

λ = log
π2

1− π2
.

Then logL (θ, λ) = x1θ + S (x1, x2)λ − n1 log
(
1 + eθ+λ

)
−

n2 log
(
1 + eλ

)
, where S (x1, x2) = x1 + x2 = s is sufficient.

Then, taking T (x1, x2) = x1, the conditional log-likelihood
function given S (x1, x2) is

log ` (θ) = log gθ (x1) = θx1 − logK (θ) ,

where

K (θ) =
min(n1,s)∑

j=max(0,s−n2)

(
n1

j

)(
n2

s− j

)
ejθ.

Conditional likelihoods are generally available whenever the
parameter of interest is a natural parameter of an exponential
family [10, §10.3]. For details, see [9, §8.2.4].

B. Marginal likelihood

Let T be a measurable function on X . If, for each θ ∈ Θ,
the probability density function gθ of the statistic or reduced
data T (X) does not depend on the value of λ, then ` (θ) =
gθ (T (x)) defines the marginal likelihood function `.

If, in addition, the conditional distribution of X given
T (X) = T (x) does not depend on θ, then T (X) is called
sufficient for θ. In that case, no information about θ is lost in
replacing X with T (X):

fθ,λ (x) = gθ (T (x)) fθ,λ (x|T (X) = T (x))
= gθ (T (x)) fλ (x|T (X) = T (x)) (3)
= Cgθ (T (x)) ,

where C is constant in θ. The constant is unimportant since it
drops out of likelihood ratios:

fθ1,λ (x)
fθ0,λ (x)

=
Cgθ1 (T (x))
Cgθ0 (T (x))

=
` (θ1)
` (θ0)

for any value of λ ∈ Λ.

Example 2. Suppose x and y are vectors of m and n values
that realize the random variables X and Y of independent
components drawn from a normal distributions of unknown
means ξ and η, respectively, and of a common unknown
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standard deviation σ. The parameter of interest is the inverse
coefficient of variation defined by θ = (ξ − η) /σ with θ = 0
as the null hypothesis and θ 6= 0 as the alternative hypothesis;
the parameter space here is Θ = R1. A suitable statistic for data
reduction is the two-sample t statistic

T (x, y) =
ξ̂ (x)− η̂ (y)

σ̂ (x, y)
√
m−1 + n−1

, (4)

where ξ̂, η̂, and σ̂2 are the usual unbiased estimators. Then
gθ (T (x, y)), the probability density of T (X,Y ) evaluated at
the observation 〈x, y〉, is the noncentral Student t probability
density with m + n − 2 degrees of freedom and noncentrality
parameter

(
m−1 + n−1

)−1/2
θ.

The next example encompasses data of medium-dimensional
and high-dimensional biology.

Example 3. Example 2 is extended to N genes, proteins,
or other biological features such that Xi ∼ N (ξi,Σi,m) and
Yi ∼ N (ηi,Σi,n) correspond to the observed outcome 〈xi, yi〉
for the ith feature, where i = 1, . . . , N and Σi,k is the diagonal
covariance matrix of determinant σ2k

i ; thus, σi is the standard
deviation of independent measurements of feature i. If the num-
ber of features with a positive difference (ξi > ηi) is close to
the number of features with a negative difference (ξi < ηi) , the
parameter of interest for feature i may be θi = |ξi − ηi| /σi, the
absolute value of the inverse coefficient of variation, with θi = 0
as the null hypothesis, θi > 0 as the alternative hypothesis,
and Θ = [0,∞) as the parameter space. Then T (xi, yi) is the
absolute value of the two-sample t statistic for 〈xi, yi〉 according
to equation (4), and T (Xi, Yi) is distributed as the absolute
value of a variate from the noncentral Student t distribution
with m+n−2 degrees of freedom and noncentrality parameter(
m−1 + n−1

)−1/2
θi. Thus, the density gθ (T (xi, yi)) for the

ith feature is the probability density of T (Xi, Yi) evaluated at
〈xi, yi〉.

[9, §8.3] and [11] provide additional examples of the marginal
likelihood, also called the reduced likelihood and not to be
confused with the likelihood integrated with respect to a prior
distribution.

III. UNIVERSAL CODING

A. General concepts and notation

The theory of this section is presented in terms of a parametric
family that is free of nuisance parameters. In many cases, such
a family can be derived using one of the data reduction methods
of Section II.

Under the MDL framework, each scheme † for coding
the data under the alternative hypothesis corresponds to a
codelength function L† on X and thus to a compressing
probability density function g† selected from the parametric
family {gθ : θ ∈ Θ} before observing T (x), the realized value
of the statistic, with the goal of minimizing the codelength
L† (T (x)) = − log g† (T (x)). Since θ0 is known, the proba-
bility density function of the statistic under the null hypothesis
is known to be gθ0 , which compresses the data with respect

to the null model. Accordingly, the codelength function L0

relative to the null hypothesis is that specified by L0 (T (x)) =
− log gθ0 (T (x)).

Since the base of the logarithm is arbitrary, the inverse
logarithm is denoted by log−1 • rather than by exp • or by 2•.
Plots will follow the base-2 convention.

Suppose, as in Example 3, that there is a vector xi of
measurements for each of N features and that the data are
reduced to the statistics T (x1) , . . . , T (xN ). With L†i (T (xi))
as the codelength of T (xi) relative to the alternative hypothesis,
∆†i (T (xi)) = L†i (T (xi)) − L0 (T (xi)) is the information
in T (xi) for discrimination favoring the null hypothesis over
the alternative hypothesis. A difference in null and alternative
codelengths has been called a “universal test statistic” [12], but
that term can cause confusion with T (Xi).

Example 4. If the restriction to a parametric family were
relaxed,

− log
ĝalt. (T (xi))
gθ0 (T (xi))

= − log
1− L̂FDR (xi)

L̂FDR (xi)
(5)

+ log
1− π̂0

π̂0

would be the information for discrimination according to the
empirical Bayes methodology of the Introduction.

The regret [8] of the codelength function L†i given by
L†i (T (xi)) = − log g†i (T (xi)) is

reg
(
g†i , xi

)
= L†i (T (xi))

− inf
θ∈Θ

(− log gθ (T (xi)))

= − log
g†i (T (xi))
gθ̂ (T (xi))

,

where θ̂ = arg supθ∈Θ gθ (T (x)). Likewise, the regret of
the codelength function relative to the null hypothesis is
reg (gθ0 , xi) = − log

(
gθ0 (T (xi)) /gθ̂ (T (xi))

)
.

While the sign of ∆†i (T (xi)) indicates which hypothesis
is favored [12], it can also be compared to a threshold J
of the minimum amount of information considered sufficient
for selecting one hypothesis over the other. In that case, the
probability of observing misleading information for discrimi-
nation has an upper bound for any distributions gθ0 and g†i .
Specifically, for any J > 0, Pθ0,λ

(
∆†i (T (Xi)) ≤ −J

)
=

Pθ0,λ

(
g†i (T (Xi)) /gθ0 (T (Xi)) ≥ log−1 J

)
≤ 1/ log−1 J. A

proof of the inequality and applications to the probability of
observing misleading evidence appear in [13]. Since gθ0 and g†i
must be genuine probability distributions, the inequality does
not necessarily hold for pseudo-likelihoods such as profile like-
lihoods and likelihoods integrated with respect to an improper
prior but does hold for all marginal and conditional likelihoods.

The following two schemes († and ‡) for coding the reduced
data give essentially identical regrets for sufficiently large N.



4

B. Exact codelength

While the codelength function L†i for the ith feature cannot
depend on xi, it may depend on xj for all j 6= i as follows.
For all i = 1, . . . , N , define L†i such that the corresponding
probability density function g†i is equal to gθ†i for the value θ†i
such that

θ†i = arg inf
θ∈Θ

∑
j 6=i

min (reg (gθ, xj) , reg (gθ0 , xj)) . (6)

In words, the code for a given feature uses the distribution in
the parametric family that minimizes the regret summed over
all other features. This code is considered exact since it has the
universality property of Section III-D.

Proportional to N2, the computation time can prohibit the
use of the universal compression method for large N . For
example, N can be in the tens of thousands for gene expression
microarrays or in the hundreds of thousands for genome-wide
association studies. The next coding scheme overcomes this
problem since its computational time is proportional to N .

C. Approximate codelength

The † coding scheme is efficiently approximated by a slightly
illegal scheme denoted by ‡. It determines the codelength for
statistic T (xi) under the alternative hypothesis by use of a
common probability density function g‡ that is in the parametric
family, i.e., g‡ = gθ‡ for some θ‡ ∈ Θ. This is accomplished
by minimizing the regret over all features:

θ‡ = arg inf
θ∈Θ

N∑
j=1

min (reg (gθ, xj) , reg (gθ0 , xj)) . (7)

This coding scheme is technically illegal in the sense that g‡,
as a function of the observed data for each feature, depends on
hindsight. However, under general conditions, θ‡ approximates
θ†i for all i = 1, . . . , N given sufficiently large N since the
selection of the distribution depends on all features without
giving undue weight to any single feature. The approximation
is supported by the fact that both θ† and θ‡ are maximum
likelihood estimates of θ under the alternative hypothesis:

Theorem 5. Assume that for some θ0 ∈ Θ and θalt. ∈ Θ such
that θ0 6= θalt. and that for all j ∈ {1, . . . , N}, each statistic
T (Xj) has probability density gθj with θj ∈ {θ0, θalt.} and
is independent of every T (Xk) with k ∈ {1, . . . , N} \ {j}. It
follows that θ‡, if unique, is the maximum likelihood estimate
of θalt..

Proof: By equation (7),

θ‡ = arg inf
θ

N∑
j=1

min

(
− log gθ (T (xj)) ,
− log gθ0 (T (xj))

)

= arg sup
θ∈Θ

N∑
j=1

max

(
log gθ (T (xj)) ,
log gθ0 (T (xj))

)

= arg sup
θ∈Θ

sup
θ∈{θ0,θalt.}N

N∑
j=1

log gθj (T (xj))

= arg sup
θ∈Θ

sup
θ∈{θ0,θalt.}N

N∏
j=1

gθj
(T (xj)) ,

where θ = 〈θ1, . . . , θN 〉 and {θ0, θalt.}N is the N -factor
Cartesian product {θ0, θalt.} × · · · × {θ0, θalt.}.

Corollary 6. Under the assumptions of Theorem 5, i ∈
{1, . . . , N}, if θ†i is unique, then it is the maximum likelihood
estimate of θalt. on the basis of the outcomes Xj = xj for all
j ∈ {1, . . . , N} \ {i}.

Proof: The claim reduces to that of Theorem 5 since the
data are equivalent except for the presence or absence of the
outcome T (Xi) = T (xi) and since θ†i and θ‡ are equivalent
except for the presence or absence of the term involving that
outcome. Thus, for all i ∈ {1, . . . , N},

θ†i = arg sup
θ∈Θ

sup
θ∈{θ0,θalt.}N

∏
j 6=i

gθj (T (xj)) .

Appendix A specifies sufficient conditions for the conver-
gence of θ‡−θ†i to 0 as N increases. Section IV shows that the
approximation of ‡ to † can be quite close even for N as small
as 20.

D. Universality of the † code

The coding method of Section III-B is universal in the
sense that it asymptotically compresses the data as much as
the noiseless coding theorem allows for any distribution in
the parametric family (cf. [6, §3.7] and [8, §6.5]). Sufficient
conditions for universality are stated in the following lemma, in
which strong consistency means almost sure convergence to a
parameter value as n→∞ if each T (Xi) is stationary and, at
fixed n, of a density function in {gθ : θ ∈ Θ}. (The dependence
of gθ on n is suppressed.) Such convergence will be denoted
by n→.

Lemma 7 (Consistency). Suppose that for some θ0 ∈ Θ and
θalt. ∈ Θ such that θ0 6= θalt. and that for all j ∈ {1, . . . , N},
each statistic T (Xj) has probability density gθj

with θj ∈
{θ0, θalt.} such that θj = θalt. for at least two values of j in
{1, . . . , N}. Suppose further that g• (T (Xj)) is almost surely
continuous on Θ for all j ∈ {1, . . . , N}. If, for some i ∈
{1, . . . , N}, θ†i is unique and θ̂j = arg supθ∈Θ gθ (T (Xj)) is a
strongly consistent estimate of θj for all j ∈ {1, . . . , N} \ {i},
then θ†i is a strongly consistent estimate of θalt..
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Proof: Let J = {j : θj = θalt., j ∈ {1, . . . , N} \ {i}},
which by assumption is nonempty. By the consistency condition,
θ̂j

n→ θalt. for all j ∈ J and θ̂j
n→ θ0 for all j ∈ {1, . . . , N} \J.

Thus, with probability 1,∏
j 6=i

gθj
(T (Xj)) =

∏
j∈J

gθalt. (T (Xj))
∏

j /∈J∪{i}

gθ0 (T (Xj))

=
∏
j 6=i

gθ̂j
(T (Xj))

=
∏
j 6=i

max (gθalt. (T (Xj)) , gθ0 (T (Xj)))

= sup
θ∈Θ

∏
j 6=i

max (gθ (T (Xj)) , gθ0 (T (Xj)))

in the limit as n→∞, with the equalities holding by the almost-
sure continuity of g• (T (Xj)) as a function on Θ [14, §1.7].
Since by equation (6),

θ†i = arg sup
θ∈Θ

∑
j 6=i

max (gθ (T (Xj)) , gθ0 (T (Xj))) ,

it follows that θ†i
n→ θi.

Heuristically, the key observation of the proof is that whether
θ is constrained to have one of two values has no asymptotic
effect on the estimates of θj . The universality of the codelength
function is a consequence.

Theorem 8 (Universality). Under the conditions of Lemma 7,

lim
n→∞

Eθalt.

(
L†i (T (Xi))

n

)
= lim
n→∞

Eθalt.

(
− log gθalt. (T (Xi))

n

)
for all i ∈ {1, . . . , N} such that θi = θalt., where Eθalt. signifies
the expectation value with respect to gθalt. , i.e., Eθalt. (•) =∫
•dPθalt. .

Proof: Pθalt.

(
limn→∞ θ†i ∈ {θ0, θalt.}

)
= 1 for all i ∈

{1, . . . , N} since θ†i
n→ θi by the lemma and θi ∈ {θ0, θalt.}

by assumption. Hence, θ†i
n→ θalt. for all i ∈ {1, . . . , N} such

that θi = θalt.. Thus, for those values of i,

lim
n→∞

Eθalt.

− log
(
gθalt. (T (Xi)) /gθ†i (T (Xi))

)
n

 = 0

since gθalt. (T (Xi)) /gθ†i (T (Xi))
n→ 1 by the almost-sure con-

tinuity of g• (T (Xi)) as a function on Θ [14, §1.7].
The N → ∞ universally of a related mixture code is

established in Appendix B.

E. Model selection (hypothesis testing)

Let P †i denote the probability distribution satisfying

P †i (θ0) = (N − 1)−1
∑
j 6=i

1
(

∆†i (T (xi)) ≥ 0
)

and P †i
(
θ†i

)
= 1−P †i (θ0), where 1 (•) is the indicator function

equal to 1 if its argument is true and equal to 0 otherwise.
Then the codelength of P †i and T (xi) is the codelength of the

parameter value plus the codelength of the reduced data and is
specifically

L†i

(
P †i ;T (xi)

)
= − logP †i

(
θ†i

)
+ L†i (T (xi)) (8)

relative to θi 6= θ0, the alternative hypothesis, or

L0
(
P †i ;T (xi)

)
= − logP †i (θ0) + L0 (T (xi)) (9)

relative to θi = θ0, the null hypothesis.
The MDL model selection code [8, pp. 409, 423-424] is that

for which the codelength of the test statistic of the ith feature
is

min
(
L†i

(
P †i ;T (xi)

)
, L0

(
P †i ;T (xi)

))
,

That code selects the same hypotheses as does

∆†i
(
P †i ;T (xi)

)
= L†i

(
P †i ;T (xi)

)
− L0

(
P †i ;T (xi)

)
,

the information in P †i and T (xi) for discrimination favoring
the null hypothesis that θi = θ0 over the alternative hypothesis
that θi 6= θ0. If P †i is extended to define a random variable
θ̇ such that gθ (T (xi)) is the probability density of the ith
statistic conditional on θ̇ = θ for both θ = θ0 and θ = θ†i ,
then, according to equations (8) and (9), the information for
discrimination is the logarithm of the posterior odds:

∆†i
(
P †i ;T (xi)

)
= log

P †i

(
θ̇ = θ0|T (Xi) = T (xi)

)
P †i

(
θ̇ = θ†i |T (Xi) = T (xi)

) .
Solving for P †i

(
θ̇ = θ0|T (Xi) = T (xi)

)
gives

P †i (θ0|T (xi)) =
1

1 + 1/ log−1 ∆†i
(
P †i ;T (xi)

) . (10)

Defining the distribution P ‡i by

P ‡i (θ0) = N−1
N∑
j=1

1
(

∆‡i (T (xi)) ≥ 0
)

and otherwise replacing coding system † with coding system ‡
in the equations of this subsection yields ∆‡i

(
P ‡i ;T (xi)

)
as

an approximation of ∆†i
(
P †i ;T (xi)

)
. The proportion P ‡ (θ0)

is the maximum likelihood estimate of the proportion of features
that correspond to true null hypotheses.

In the empirical Bayes framework constrained to the para-
metric family, both P †i (θ0) and P ‡ (θ0) may serve as estimates
of π0. Likewise, the P †i (θ0|T (xi)) of equation (10) and its
approximate probability P ‡i (θ0|T (xi)) are suitable as estimates
of the LFDR.

IV. APPLICATION

Alex Miron’s lab at the Dana-Farber Cancer Institute mea-
sured abundance levels of each of 20 plasma proteins of each
of 55 women with HER2-positive breast cancer, 35 women
mostly with ER/PR-positive breast cancer, and 64 healthy
women [15]. The respective data vectors xHER2

1 , . . . , xHER2
20 ,
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xER/PR
1 , . . . , xER/PR

20 , y1, . . . , y20 were created by adding the first
quartile of the abundance levels (over the 64 healthy women
and over all proteins) to each abundance level and by taking
natural logarithms of the resulting sums; similar conservative
prepossessing steps have worked well with gene expression data
[16].

The preprocessed data were modeled as normally distributed
per Example 3. Following the notation of the example, ξHER2

i ,
ξER/PR
i , and ηi are the expectation values of XHER2

i , XER/PR
i ,

and Yi, respectively, and are as such interpretable as population
levels of the abundance of protein i. The parameters of interest
are θHER2

i =
∣∣ξHER2
i − ηi

∣∣ /σi and θER/PR
i =

∣∣ξER/PR
i − ηi

∣∣ /σi,
the standardized levels of the ith protein’s abundance relative
to the healthy controls.

The data were analyzed according to the distributions of
T
(
XHER2
i , Yi

)
and T

(
XER/PR
i , Yi

)
given in Example 3 using

the coding schemes of Section III. The results are displayed as
Figures 1-4. In Figure 1, the left panel indicates that the in-
formation in the data favors differential protein abundance over
equivalent protein abundance for most proteins, and the near-
zero minimum regret in right panel at an estimated parameter
value of about −0.5 shows that θ‡ is close to the parameter
value that maximizes the likelihood functions of some of the
proteins. Figure 2 is similar but includes a comparison to a
more nonparametric method that can achieve negative regret
because its estimate of the alternative distribution need not
lie in {gθ : θ ∈ Θ}, potentially leading to overfitting. Figure
3 demonstrates that the number of features need not be high
to effectively achieve the asymptotic equivalence between the
approximate and exact universal distributions. Figure 4 shows a
shift relative to Figures 1-2 by an amount of bits equal to the
discrimination information in the parameter distribution.

V. DISCUSSION

A. Medium-scale inference

This paper proposes methods for quantifying the information
in data supporting the null hypothesis over the alternative
hypothesis and vice versa. The proposed use of a parametric
family of distributions does not suffer from the tendency of
nonparametric methods of large-scale inference to overfit the
data of medium-dimensional biology.

B. Severability of the general methods

Three of the methods highlighted are severable from each
other in the sense that each applies to settings in which the
others do not. The remainder of this section addresses more
general applications of each method.

First, the technique of coding statistics rather than the original
data can be used in MDL model selection contexts more general
than those involving multiple features. Second, whether or not
the data are reduced to test statistics, the strategy of designing
a code based on data from features other than the feature
of the data currently coded can be generalized beyond the
specific method proposed. (An analogous strategy is also finding
application to the estimation of mutual information [17].)

Finally, the information for discrimination as in effect gener-
alized by [12] is a viable substitute for the p-value as a measure
of evidence concerning hypotheses under consideration. The
problematic nature of the asymmetry of conventional hypothesis
testing is well known. On one hand, the p-value tends to favor
the null hypothesis given insufficient data even if the alternative
hypothesis is true. On the other hand, it tends to insufficiently
favor of the null hypothesis asymptotically if it is true since the
p-value distribution in that case remains uniform irrespective
of the amount of data accumulated. As a result, the p-value is
not interpretable as a measure of evidence apart from sample
size adjustments [18, 19]. By contrast, the information for
discrimination, by virtue of its basis on universal distributions,
tends to favor whichever hypothesis is true by an amount
proportional to the size of the sample.

APPENDIX A

Approximate coding

Assume X1, X2, . . . are independent and each of identical
distribution P?. For example, P? could be a K-component
mixture distribution P? =

∑K
k=1 πkP?k, where πk is the

probability that some Xj has distribution P?k, which is not
necessarily in {Pθ,λ : θ ∈ Θ, λ ∈ Λ}. Let E? (•) and N→ denote
the expectation value and almost sure convergence as N →∞
with respect to P?.

Theorem 9. Suppose that, for all i ∈ {1, . . . , N},
E? (log gθ (T (Xj))) < ∞ for all θ ∈ Θ and that θ‡ and θ†i
are unique with P?-probability 1. Then θ‡ − θ†i

N→ 0 for all
i ∈ {1, . . . , N}.

Proof: For any θ ∈ Θ, let θ̂j (θ) =
arg maxθ̃∈{θ0,θ} gθ̃ (T (xj)). Since log gθ̂j(θ) (T (Xj))
is IID for all j ∈ {1, . . . , N}, the strong law
of large numbers implies that, for all JN ∈
{{1, . . . , N} , {1, . . . , N} \ {1} , . . . , {1, . . . , N} \ {N}},

1
|JN |

∑
j∈JN

log gθ̂j(θ) (T (Xj))
N→ E?

(
log gθ̂j(θ) (T (Xj))

)
= P?

(
θ̂j (θ) = θ0

)
E?

(
log gθ̂j(θ) (T (Xj)) |θ̂j (θ) = θ0

)
+P?

(
θ̂j (θ) = θ

)
E?

(
log gθ̂j(θ) (T (Xj)) |θ̂j (θ) = θ

)
,

the finiteness of which follows from that of
E? (log gθ (T (Xj))). As the result holds for arbitrary
θ ∈ Θ,

arg sup
θ∈Θ

1
|JN |

∑
j∈JN

log gθ̂j(θ) (T (Xj))
N→

arg sup
θ∈Θ

E?

(
log gθ̂i(θ)

(T (Xj))
)

irrespective of whether the sum on the left-hand-side is over
{1, . . . , N} or over {1, . . . , N} \ {i} for some i ∈ {1, . . . , N}.
(The uniqueness of the maximizing value of θ on the left-
hand-side is guaranteed by the postulated uniqueness of θ‡

and θ†i .) Therefore, the difference in the maximum likelihood
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estimate of θ under the alternative hypothesis using X1, . . . , XN

and that using X1, . . . , Xi−1, Xi+1, . . . , XN converges almost
surely to 0, but such maximum likelihood estimates are θ‡ and
θ†i , respectively, according to Theorem 5 and Corollary 6.

APPENDIX B
Mixture coding

This section extends the the fixed-component results of Sec-
tion III-D to the two-component mixture density of equation
(2) with the constraint that galt. = gθalt. for some θalt. ∈ Θ. In
this setting, the universal density g†i and its approximation g‡

are replaced with g∗i = gθ∗i and its approximation g∗∗ = gθ∗∗ ,
where

〈θ∗i , π∗0i〉 = arg sup
〈θ,π0〉∈Θ×[0,1]

∏
j 6=i

(
π0gθ0 (T (Xj)) +

(1− π0) gθ (T (Xj))

)
,

with θ∗∗ and π∗∗0 defined analogously except with the product
over all {1, . . . , N}.

Assuming the statistics are independent, 〈θ∗i , π∗0i〉 and
〈θ∗∗, π∗∗0 〉 are clearly maximum likelihood estimates of
〈θalt., π0〉. (In that context, [20] used θ∗∗ and π∗∗0 to estimate
global false discovery rates, and the mixture codes similarly
form LFDR estimates via substituting either θ∗ and π∗0 or θ∗∗

and π∗∗0 into equations (1) and (2).) Consequently, the steps used
to prove Theorem 9 also demonstrate that θ∗∗ − θ∗i

N→ 0 and
π∗∗0 − π∗0i

N→ 0 for all i ∈ {1, . . . , N} under the independence
condition.

Whereas regularity conditions entailing the strong consistency
of maximum likelihood estimates for finite-mixture models
[21] would apply as N → ∞, seemingly more pertinent to
universality is consistency in the sense of n→, almost sure
convergence as n→∞ under the stationarity of every T (Xi),
assumed to have density g for some values of π0 and θalt..
However, such n→ consistency does not hold if N is finite and if
π0 > 0, for in that case, there is fixed, nonzero probability πN0
that all N statistics have probability density function gθ0 rather
than gθalt. . For that reason, N→ consistency will be used instead.

Theorem 10. If the maximum likelihood estimate θ∗∗ almost
surely converges to θalt. as N →∞ and if g• (T (Xi)) is almost
surely continuous on Θ for all i ∈ {1, 2, . . . }, then

lim
N→∞

Eθalt. (L∗i (T (Xi)) /n) = Eθalt. (− log gθalt. (T (Xi)) /n)

for all i ∈ {1, 2, . . . } such that θi = θalt., where L∗i (T (Xi)) =
− log gθ∗i (T (Xj)) and Eθalt. signifies the expectation value with
respect to gθalt. , i.e., Eθalt. (•) =

∫
•dPθalt. .

Proof: Since θ∗i is the maximum likelihood estimate for
the N − 1 statistics other than T (Xi), θ∗i

N→ θalt.. Thus, the
claim follows from reasoning analogous to that used to prove
Theorem 8.

Corollary 11 (Asymptotic universality). Given the conditions
of Theorem 10,

lim
n→∞

lim
N→∞

Eθalt.

(
L∗i (T (Xi))

n

)

= lim
n→∞

Eθalt.

(
− log gθalt. (T (Xj))

n

)
for all i ∈ {1, 2, . . . } such that θi = θalt..

The proof is trivial. The corollary means

(L∗i (T (xi))− log (1− π∗0i))−
(
L0 (T (xi))− log π∗0i

)
may be regarded as approaching the information for discrimina-
tion under the mixture model as N →∞. Since θ∗∗ − θ∗i

N→ 0
and π∗∗0 − π∗0i

N→ 0, that information is approximated by
substituting the maximum likelihood estimates θ∗∗ and π∗∗0 for
θ∗i and π∗0i.
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Figure 1. Codelengths and regrets for protein abundance of women with
HER2-positive breast cancer relative to healthy women. Each circle corresponds
to a different protein. Left panel: L‡ (T (xi))− L0 (T (xi)), the approximate
information for discrimination in favor of the null hypothesis for the ith protein;
negative values favor the alternative hypothesis. Right panel: reg

(
g‡, xi

)
, the

regret relative to the alternative hypothesis.
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Figure 2. The circles are as in Figure 1, except for women mostly with ER/PR-
positive breast cancer. The triangles represent the analogous results (5) of a
“theoretical null” empirical Bayes method [2] as implemented in the locfdr
R package, which failed to assign different codelengths to different proteins for
the women with HER2-positive breast cancer.
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Figure 3. Approximate information L‡ (T (xi)) − L0 (T (xi)) versus exact
information L†

i (T (xi)) − L0 (T (xi)) for the ith protein. Each panel corre-
sponds to a different type of cancer, and each circle corresponds to a different
protein.
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Figure 4. The ith circle of each panel represents the discrimination information
∆‡

i

(
P ‡

i ; T (xi)
)

of both the parameter distribution P ‡
i and the reduced

measurement T (xi) for the ith protein. The triangles in the right panel
represent the estimated posterior log-odds derived from the LFDR estimates of
a “theoretical null” empirical Bayes method [2] as implemented in the locfdr
R package.




